The integrals of the motion associated with conformal Killing vectors of a curved space-time with an additional electromagnetic background are studied for massive particles. They involve a new term which might be non-local. The difficulty disappears for pp-waves, for which explicit, local conserved charges are found. Alternatively, the mass can be taken into account by "distorting" the conformal Killing vectors. The relation of these non-point symmetries to the charges is analysed both in the Lagrangian and Hamiltonian approaches, as well as in the framework of Eisenhart-Duval lift. PACS numbers: 11.30.-j Symmetry and conservation laws 04.20.-q Classical general relativity 04.30.-w Gravitational waves
Conserved quantities associated with the isometries play an important role for the integrability of the geodesic equations : the Killing vectors generate Noether symmetries and provide, consequently, integrals of the motion. (The argument can be extended to electromagnetic backgrounds, provided the latter are also preserved). Similar results hold for homothetic fields whose conformal factor is a constant [1] [2] [3] [4] , or for massless geodesics [5] [6] [7] .
Recent applications involve the so called Memory Effect for gravitational waves, see [8] [9] [10] and references therein. However the procedure above breaks down for proper conformal Killing vectors whose conformal factor is not a constant and for massive geodesics.
Recently an alternative, non-Noetherian, approach to this problem has been proposed [11] . It has been shown that conformal Killing fields lead, except for some special parametrisation, to non-local integrals of the motion : the associated charge involves a novel type integral term, m ω Y (x(τ )) −g µνẋ µẋν dτ .
(I.1)
Calculating (I.1) requires to solve first the geodesic equations, making its use difficult.
The theory of ref. [11] is indeed the staring point for our considerations here. First we extend the result above to conformal fields Y (L Y g = 2ω Y g) which preserve also some electromagnetic background given by a potential A, i.e.,
for some function φ Y . For a geodesic of mass m the resulting charge is given in eqn. (II. 3) below.
For a pp wave the charge can be calculated explicitly, raising several questions. Firstly, what is the relation (if any) between the conserved charges for pp-waves obtained above and the Noetherian or non-point-symmetry approach to the geodesic equations ? Secondly, can such charges provide new information or are they functions of known charges ? Thirdly, can we find electromagnetic backgrounds preserved by the conformal fields and the explicit forms of the corresponding integrals of the motion ?
Let us now recall that according to the Eisenhart-Duval approach [12] [13] [14] [15] [16] the twodimensional classical dynamics can be lifted to massless geodesics, allowing us to recover the classical non-relativistic symmetries "downstairs" from those, relativistic, "upstairs". Can we describe the charges obtained above and find their meaning within this framework ?
This paper is devoted to answering these questions.
An important observation is that for massive geodesics proper conformal vector fields Y α can not be realised as a Noether point symmetries. However we show that they can be generated instead by "distorting" Y α in a mass-dependent way,
where p v is the conserved "vertical" momentum and f α is suitably defined vector field cf.
(V.10) -so that the associated conserved charge reproduces the "non-local" one which will be constructed in sec.II, cf. (II.3). In particular, the integral term (I.1) is induced by "distorsion vector field" f α .
These "distorted symmetries" are reminiscent of dynamical symmetries (whose typical example is the o(4) symmetry of the Kepler problem involving the Laplace-Runge-Lenz vector) in that they are not point symmetries as (say) rotations or translations. Their generators involve also derivatives of the configuration space variables.
Our paper is organized as follows. In sec. II we generalize the results obtained in [1, 2, 11] to proper conformal fields and electromagnetic backgrounds preserved by them; we present both Lagrangian and Hamiltonian approaches. The explicit form of integrals of the motion for pp-waves is spelled out in sec. III. The relation to the Eisenhart-Duval lift [12] [13] [14] [15] [16] as well as further properties of the charges are obtained. Examples of electromagnetic backgrounds are presented in sec. IV. The relations between distorted symmetries and local charges is studied in sec. V. Further illustrations are contained in sec. VI.
II. "NON-LOCAL" INTEGRALS OF THE MOTION
A spinless particle in a relativistic space-time in the presence of additional vector potential where the "dot" means derivation w.r.t. an arbitrary parameter τ .
In terms of constrained systems [17, 18] (II.1) is a singular Lagrangian and, due parametrisation invariance, the equations of the motion (II.2) are not all independent from each other :
the action remains form-invariant under the infinite dimensional group of transformations
where f is an arbitrary function. Then, according to the second Noether theorem [18, 19] , the equations of the motion satisfy an identity. Reparametrisation invariance implies that in a d-dimensional space-time only d − 1 of the x µ are independent; and additional conditions can be imposed.
Let us now assume that Y is a conformal vector for the metric which leaves up-to-a-gauge transformation invariant also the vector potential, eqn. (I.2). Then a tedious calculation shows that for a conformal transformation Y with conformal factor ω ≡ ω Y and φ ≡ φ Y , the quantity
is a constant of the motion :İ = 0 along each trajectory, extending to electromagnetic fields the results presented in [11] . For an isometry (ω ≡ 0), the non-local term vanishes and the well known result is recovered. Similarly, the (local) charge for a massless particle is obtained in the (singular) limit m → 0.
The main disadvantage of such an integral of the motion is that it is in general non local : the explicit form of the trajectory is needed to calculate it. The charge may become local using a special parametrisation. We can, for example, perform the transformation [11] 
the price to pay in this generic time gauge is that the meaning of the geodesic equations becomes obscured.
A frequent choice is that of an affine parameter σ, characterized by the property
Then the equations of the motion (II.2) resp. the conserved quantity (II.3) become
To conclude this section let us have a look from the Hamiltonian point of view at the integral of the motion in an arbitrary parametrisation. The Lagrangian (II.1) leads to an identically vanishing Hamiltonian. In order to generate dynamics in the phase space, we extend the configuration space by adding a new coordinate N (the Einbein [21] ) and define an equivalent quadratic Lagrangian
whose E-L equations reproduce (II.2). In terms of the Euler derivatives E N and E α for the degrees of freedom N and x α , respectively, the Euler-Lagrange system consists of d + 1 equations. One of them, namely E N ( L) = ∂ L ∂N = 0, is a constraint. Thus only d − 1 of the remaining d equations E α ( L) = 0, are independent : the constraint which involves only velocities sets a restriction among the d second order equations, reducing the number of truly independent relations.
The situation is analogous to what happens for Einstein's equations in four dimensions : you have 10 equations, 4 of which are constraints. As a consequence, of the 6 remaining equations only 6-4=2 are truly independent : General Relativity has two physical degrees of freedom.
Both cases are effected by Noether's second theorem and the existence of identities amongst the equations of motion.
The new variable N corresponds, through E N ( L) = 0, to
(II.8)
Thus, putting p α = N −1 g αβẋ β + eA α ,
is an integral of the motion, as confirmed in the Hamiltonian framework by the Dirac-Bergmann algorithm applied to L [17, 18] . The Hamiltonian and the two first class con-straints are:
Using the canonical equations of the motion for x α and p α and the condition (I.2), one obtains thatİ
The total derivative of I is weakly zero in the Dirac sense [17, 18] , i.e., vanishes whenever φ 2 does. Linear-in-the-momenta quantities with this property were called by Kuchaȓ [20] conditional symmetries. Our (II.3) and (II.9), extend this notion to explicit dependence on the parameter τ .
To sum up, to any proper conformal vector which preserves also the electromagnetic background is associated a conserved charge. However for general parametrisation (including the affine one), the latter have a seemingly non-local contribution, which becomes local for trajectories with vanishing mass, m = 0.
III. CONFORMAL SYMMETRIES OF PP-WAVES
In this section we apply the procedure outlined above to pp-waves, and show that the charges related to conformal fields become local. Adopting the terminology of Ref. [22] , we present the pp-wave metric in Brinkmann coordinates,
. Switching off the electromagnetic field, A µ = 0, we consider the extended Lagrangian L (II.7). The equations of the motion are
The u−equation (III.2b) is the simplest one as it does not contain the profile H(u, x)
explicitly. The canonical momenta read
while p N is weakly zero. The profile H(u, x) does not depend on v, therefore its conjugate momentum p v is a constant of the motion associated with the covariantly constant vector ∂ v . Note that for a massive particle the relation p µ p µ = −m 2 implies p v = 0 as well as thaṫ
which is the algebraic solution of (III.2d) with respect tov. Using the last equation in (III.3), the non-local part of the integral of the motion takes the form
For pp-wave spacetimes this integral can be calculated explicitly, both for the type N or type O (conformally flat) cases. Let us recall some facts about conformal symmetries of a pp-wave space-time [23] . The components of a general conformal Killing vector are:
where µ is a non-zero constant and the "prime" ( · ) refers to d/du. The corresponding conformal factor is
The function M (u, x, y) in (III.6b) satisfies suitable consistency conditions [23] while for H(u, x, y) the relation
must hold with µ = const. 1 .
Firstly, we observe that the integral (III.5) can be computed explicitly for conformal vector fields which are "chrono-projective" [7, 24] , defined by the property
ψ here is the so-called chrono-projective constant. This condition is satisfied, e.g., by N-type null fluids and by exact plane gravitational waves [7] .
Chrono-projectivity yields a relation between the conformal factor and the u-component
; see [7] for an explicit calculation.
Leaving exact gravitational waves to Section (VI C) we consider N-type null fluid pp-wave space-times [22] . The general form of the conformal Killing vector is
Since the conformal factor ω is a function of u only, the integrand in eq. (III.5) is a total derivative, allowing us to calculate the integral. We end up with a local conserved charge
(III.11) ψ = const. implies, in particular, that the last term is linear in u. Note also the shift p u → p u + m 2 2pv in the momentum. Using the definition of the canonical momenta (III.3), the quantity (III.11) can be expressed in terms of the velocities. Interestingly, substitution of (III.4) cancels the mass terms in (III.11). Thus the conserved charge for the massive geodesic (III.11) coincides with the one in the massless case. This statement holds for chrono-projective conformal fields.
The case of type O pp-waves is slightly more involved. However, when the conformal factor is a function of u only, the same arguments as for the type N apply, since (III.10a) still holds : the conformal factor is a total derivative with respect to u and the integral (III.5) can be carried out.
We are thus left to study fields as in (III.6) which lead to conformal factor ω = x i a i (u)−µv.
For simplicity, we consider the affine parametrisation with N = 1 (II.5). The last eqn. of (III.3) implies that u is proportional to the affine parameter (seen directly from (III.2b)), and (III.5) becomes 1 pv ω(x(u))du in this case. Let us stress that p v is a constant of the motion and it can, if necessary, be rewritten explicitly in terms of the velocity p v = du dσ where the parameter σ is defined by (II.5). For any conformally flat pp-wave the profile H is (up to a coordinate transformation) a homogenous function of degree two in the transverse directions [23] and therefore the homothetic vector field
is conformal with ω = 1. The corresponding integral of the motion is
Since all pp-waves of the type O are homogenous of degree two, the following integral, along the trajectory, can be computed explicitly
Now, by virtue of (III.7) the v variable enters the conformal factor at most linearly. Therefore, the integral in (III.5) can be computed, as can also the conserved charge.
There remains the case when the conformal factor for O type pp-waves is of the form ω = a i x i (cf. (III.7)). Let us note that (III.8) implies that a = (a 1 , a 2 ) obeys the same equation as x does (see (III.2a) for N = 1). Along the trajectory we have therefore 15) and the integral of ω in (III.5) can again be explicitly computed.
In summary, for N-type pp-waves, the integrals of the motion can be computed in a straightforward manner ; for O-type pp-waves, the associated integrals of the motion can be computed explicitly in the affine parametrisation. This result can be extended to an arbitrary parametrisation, considered in sec. V.
Several questions can now be asked: do these conserved charges provide new information and can they be identified with Noether symmetries (as for Killing fields), or are they more general non-point symmetries ?
Next, can we find electromagnetic backgrounds preserved by the conformal fields and derive corresponding integrals of the motion? What is the meaning, in this context, of the Eisenhart-Duval lift ? We turn to these questions in the following sections.
IV. FURTHER ASPECTS OF INTEGRALS OF THE MOTION FOR PP-WAVES

A. Eisenhart-Duval lift and massive geodesics
According to the Eisenhart-Duval (E-D) framework [12] [13] [14] [15] [16] , the non-relativistic dynamics in two space dimensions emerges from the light-like reduction of null geodesics in a 3 + 1 dimensional relativistic space-time (III.1). Referring to the literature for details, we just sketch the main idea. In the u-parametrisation the geodesic equations (III.2) can be rewritten as,
The p v is identified with the non-relativistic mass [12] [13] [14] .)
For massless geodesics the integrals of the motion associated with conformal fields are local cf. (II.6b) and [6, 7] . Moreover, under some assumptions, these integrals project onto integrals of the motion for the underlying non-relativistic system.
In the previous section, we have noted that the conformal vector fields of N-type pp wave space-times satisfy the chrono-projectivity condition (III.9). Therefore, only their [7] and references therein. The v-coordinate can be expressed in a non-local form in terms of the action integral of the projected non-relativistic dynamics,
where L N R is the non-relativistic Lagrangian. (For pp-waves of type O v can be obtained directly and consequently be eliminated).
The projected integral of the motion behaves similarly, as illustrated by the Kepler problem [4, 25] . It is worth to notice that the constraint p µ p µ = −m 2 in (II.10b) allows us to express p u as
which is (up to a constant) minus the non-relativistic Hamiltonian H N R = −p u obtained by projection to transverse space.
The transverse eqs. (IV.1a) are identical for both the massive and massless geodesics; the only difference is that in the massive case the v coordinate is shifted by the linear-in-u term as in (IV.2). In the massless case m = 0 (IV.2) reduces to the horizontal lift [7, 12] . On the other hand we know how the v variable enters the conformal fields (III.6) and consequently the integrals of the motion associated with them (see the previous section). Thus we can find the difference between the massive and massless charges expressed in terms of the variables u, x only.
Let us start with the conserved charges for a massive geodesic of a type N pp-wave.
Using eq. (IV.2) v can be eliminated ; then the 4-dimensional integral of the motion (III.11) projects downstairs as,
The terms which contain m reduce to a constant and we recover the charge for massless geodesics; expressed in terms of u, x. However, for a proper chrono-projective transformation (ψ = 0) the integral term is non-local, unlike the expression (III.11) in full four-dimensional space-time.
The same situation holds for any conformal vector field of the pp-wave. Using the form of Y given in [22] , (especially eqn. # (12)) one finds that after eliminating the v coordinate, the terms with mass reduce to a constant. Thus the conserved charge coincides with the massless one, expressed in terms of x and u -just like the transverse parts of the geodesic equations for the pp-wave are identical for both massive and massless geodesics.
B. Conformally related metrics
Let us consider a pp-wave metric g and a new oneĝ conformally related to g,
where Ω(u) is an arbitrary function. Thenĝ has the same conformal algebra as g; however,
the Killing, homothetic and proper conformal transformations can be different 2 . On the other hand, after a suitable transformation to new coordinatesũ,x,ṽ, the metricĝ takes the pp-wave form [22] . As we have seen above, the integrals of the motion in a pp-wave for massive geodesics coincide with those of the massless ones when expressed in terms u, x. However thosee integrals for g andĝ, expressed in terms of u and x, coincide up to a constant (this can be checked also directly using eqn. # (12) of [22] ). Thus for both, physically inequivalent, pp-waves the integrals of the motion associated with the conformal generators can be directly related.
Let us illustrate this observation with the proper conformal transformations of a particular type of space-time which preserve, in addition, a given electromagnetic background.
In the Minkowski space-time there are four proper conformal transformations, see section (VI A) . For example, we have the so-called standard special conformal vector (In the nonrelativistic context, ∂ u is time translation and Y K is an expansion [7] ), see eqn. (VI.3b) below. In order to obtain geodesically complete metrics, we combine Y K with the Killing vector ∂ u ,
We focus our attention on gravitational or/and electromagnetic backgrounds. were studied. Due to the modification (IV.6) these backgrounds form non-singular pulses.
Below we give further examples of gravitational fields for which Y (1) is a conformal vector, and more electromagnetic backgrounds which are preserved by this field.
Turning around the question, we ask which pp-wave space-times do admit Y (1) as conformal vector with identical conformal factor ω = u. One finds that this happens iff its profile H satisfies
The solution of this equation is of the form
where K is an arbitrary function of two variables. Thus for this family of pp-waves the corresponding integral of the motion are (II.6b) (see also (IV.4)),
where the last term is just a mass-dependent constant.
To illustrate our observation let us now rewrite (IV.8) as
where K is arbitrary function. Then (IV.9) becomes
On the other hand, consistently with the general theory [30, 31] (and verified also by direct calculation), the Niederer transformation [32] 
relates the transverse part of the geodesic equation to a "time"-independent set of equations,
Next, let us note that the metricg defined by the profile 2 K is conformally related to the metric g, defined by (IV.10). Indeed, supplying the transformation (IV.12) by v = ṽ − tan(ũ)x 2 /2 one has
In the new variables the vector (IV.6) takes the form ∂ũ and its conformal factor is tan(ũ).
On the other hand, ∂ũ is a Killing vector of g for which the suitable integral of the motion (II.6b) can easily be obtained; it turns out to be the energy for the projected dynamics,
corresponding to eqs. (IV.13). Finally, the integral I (1) in the new variables takes the form
Thus, in full agreement with our general observations, in the massive case there is only a constant between projected and lifted integrals of the motion. The charges for both conformally related metrics g andg coincide.
C. Conformally invariant electromagnetic backgrounds
As mentioned already, if a Killing vector preserves the electromagnetic background, see (I.2), then one can construct a suitable integral of the motion (see e.g. [9] for a detailed discussions). The question is whether one can find a pp-wave admitting a conformal field which preserves some electromagnetic backgrounds and the corresponding charge localizes in affine parametrisation. We give here some examples of such a situation (extending some electromagnetic vortices, see [29] for further discussion). (II.6b), I
where I (1) is given by (IV.9).
Let us note finally that such an integral of the motion can bring some new information even for the Minkowski space-time. Indeed, the electromagnetic fields constructed are preserved by ∂ v which leads to charge p v ; however, symmetries related to other Killing fields (Poincaré generators) are in general broken and do not provide integrals of the motion (see also the discussion in sec. V C as well as in [29] ).
V. DISTORTED CONFORMAL SYMMETRIES
In this section we first review some general aspects of the Noether symmetry approach [38] [39] [40] and explain how the previously found integrals of the motion are related to symmetry transformations of the action. Our main statement is that modifying the standard procedure allows us to derive the generators of the conserved charges by a mass -dependent "distortion" of the conformal Killing vectors. The connection of these charges to a more general symmetry is also established and their general properties in phase space are investigated.
A. The Noether symmetry approach to geodesic systems Let us first recall some basic facts [38] [39] [40] . A transformation is a Noether symmetry if it leaves the action integral form-invariant up to a surface term. We use the Lagrangian (II.7)
as a model to illustrate the basic properties of the general theory. In infinitesimal form the symmetry generator is
Its extension to the space of the first derivatives ,
(called the first prolongation of X) is required to satisfy the infinitesimal invariance criterion,
for some function F .
3) is our starting point for searching for symmetries. For a given Lagrangian L one tries to find appropriate vectors X and corresponding functions F which satisfy (V.3).
The conserved quantity associated with a symmetry generator X is,
(A term Υ N ∂L ∂Ṅ could also be included in (V.2), but for the Lagrangian L of (II.7) such additions are trivial and are therefore omitted.)
Geometric conditions 
Such a case can be treated algorithmically since the coefficients of the derivative terms (Ṅ ,ẋ and their powers) appearing in (V.3) must be zero. In this manner a set of over-determined linear, partial differential equations is obtained. Their solution (if it is not trivial, i.e. X = 0, F = const.) yields a Noether point symmetry.
On the other hand, if the coefficients in (V.1) are allowed to depend also on derivatives of the configuration space variables, e.g. χ = χ(τ, N, x,Ṅ ,ẋ, ...) etc., then the previous procedure cannot be followed and (V.3) has to be treated in its totality as a single master equation. For this reason, non-point (or generalized) symmetries are much more difficult to be extracted.
For the geodesic problem, the list of Noether point symmetries is well known [35-37, 41, 43] . In the massive case the basic Noether symmetry generators are related to the homothetic algebra of the metric [35, 36, 43] . For null geodesics however, the results can be extended to include all conformal Killing fields, Y , [43, 44] . (See also [7] for a different approach).
In Table I we collect the known results on point symmetries for the geodesic action both for the affinely parametrised case L 0 = 1 2 g αβ dx α dσ dx β dσ and for the parametrisation-invariant Lagrangian L [34] . In the former case there is no N field, while in the latter the Einbein field is considered as a degree of freedom on equal footing with x α .
In the affine case -apart from the trivial time translation which implies that the Hamil-tonian is a constant -the Killing and homothetic fields, Y 0 and Y h respectively, contribute Noether point symmetries. What is more, both can be used to provide an additional conserved charge when they happen to be gradient vectors [35] . On the contrary, for the parametrisation invariant Lagrangian the generator for arbitrary transformations in time (χ(τ ) remains an arbitrary function) and the integrals of the motion generated by Killing vectors Y 0 are obtained [34] .
Let us turn to the pp-wave space-time (III.1) and consider a free particle of mass m described by the Euler-Lagrange equations (III.2) (with A α = 0). As we noted in sec. III the localization of charges is related to the fact that on shell the conformal factor ω is the total time derivative of a suitable function,
Then along trajectories we have see (III.2) and (III.3)
Thus we obtain
The charge is local.
Note that (V.8) is valid in any arbitrary parametrisation (because the momenta are parametrisation invariant). Therefore the integral of the motion I given by (II.9) is equiva-
associated with the modified ("distorted") vector field
We now illustrate the new formulation by examples:
• Homothety : the comparison of (III.12) with eqn. (III.6) yields
implies the integral of motion (III.13), as expected.
• pp-waves of the type N: from (III.10) we get
, which results through (V.9) to a conserved charge consistent with (III.11).
By comparing (V.4) with χ = F = 0 and L = L derived from the Noether symmetry approach with the conserved quantity in (V.9) obtained with no reference to Noether symmetry suggests that the latter is generated by the modified vectorfield Υ in (V.10), which plays a role similar to a Noether point-symmetry. We will return to this point later. However it can be easily checked that (V.10) fails to satisfy the symmetry criterion (V.3). It is only in the m = 0 case that we recover what we know from the general theory, namely that for null geodesics the conformal Killing vectors Y yield linear-in-the momenta conserved quantities [43, 44] .
An intriguing observation is that the vectors Υ of (V.10) do not necessarily close to an algebra. They trivially do so when m = 0, where they reduce to the conformal Killing vectors of the metric. This leads us to inquiring whether the Noether symmetry approach can be modified so that it explains the form of the "distorted" vector (V.10) when m = 0 and the emergence of the conserved charge (V.9).
B. Modification of the Noether approach and the role of the constraints
In the previous subsection we outlined the procedure of deriving a point symmetry generator satisfying (V.3). Take for example the quadratic parametrisation-invariant Lagrangian L of (II.7) for space-time (III.1). The invariance criterion (V.3) requires to solve the system of partial differential equations for χ, Υ N and Υ which demands the coefficients ofu,v,ẋ, y to vanish. This scenario leads directly to the right part of Table I , which, -leaving out the parametrisation invariance -is equivalent to the Killing equations. Instead of following strictly this procedure, we choose to modify it in a manner that is consistent with the equations of motion.
First we notice that it is possible to express the velocityv in terms of the remaining variables, see eqn. (III.4). Then we eliminate N by using N =u/p v which is the first integral of (III.2b), see the last of eq. (III.3). Substituting into (V.3) and collecting the coefficients of the remaining velocitiesẋ andu leads us to the following weaker conditions on Υ. (For the rest we consider χ = Υ N = 0, F = const.).
These equations differ from those satisfied by a conformal Killing vector only in terms which involve the mass, m. The "distorted" Υ in (V.10) satisfies the above set of equations;
consequently, the modification of the Noether procedure by invoking the known integrals of the motion (III.3), (III.4) before collecting coefficients, leads us to the desired fields.
As far as the conservation of Q in (V.9) is concerned, it is straightforward to show that 14) where E N ( L) = 0, E µ ( L) = 0 are the Euler-Lagrange equations of (III.2) and The above procedure can be realized also at the Hamiltonian level. Take the Killing tensor denoted by K µν = (∂ v ⊗ ∂ v ) µν = δ µv δ νv . Then the system possesses the conserved charge K = K αβ p α p β . Let us promote the corresponding conservation law to a constraint,
where κ is the constant value taken by K along a trajectory (κ = p 2 v is used here so as to avoid confusion with seeing p v as a variable on the phase space). Integrals of the motion viewed as first class constraints have previously been studied in [42] from the perspective of the gauge transformations they generate.
The constraint (V.16) is consistent with the evolution of the system since it does not generate additional restrictions :φ 3 = {φ 3 , H} = 0. It also commutes with both φ 1 = p N and φ 2 = g µν p µ p ν + m 2 which makes it a first class constraint. Considering a quantity which is linear in the momenta, Q = Υ α p α , and imposing the conditionQ ≈ 0; a conditional symmetry in Kuchaȓ's sense emerges. Assuming the additional constraint φ 3 this condition can be rewritten as,
where the multiplying factors on the right hand side are chosen to be consistent with what appears on the left. The left hand side is purely quadratic in the momenta, hence we demand
cf. (II.11), leading subsequently to the geometric condition
This is the relation satisfied by the distorted field Υ in (V.10), where both m 2 and p 2 v = κ are to be understood strictly as constants, with ω m = ω − m 2 2κ µu. In consequence, the above-modified Noether procedure has a Hamiltonian counterpart and the constraint φ 3 is necessary for its realization. Note that (V.19) can be reproduced for a generic metric with a (reducible or irreducible) Killing tensor K µν , which means that this type of extended family of conserved charges may emerge in other cases, not just for pp-wave geodesics.
The intermediate situation where the p 2 v in Q is not considered as a constant κ but as dynamical, needs only the constraint φ 2 ≈ 0 to be satisfied, i.e. {Q, H} ∝ φ 2 ≈ 0. On the contrary, the integral of the motion obtained by additionally substituting m 2 = −g αβ p α p β commutes directly with the Hamiltonian without the need of any constraint. The generic properties of this conserved quantity are studied explicitly in the next section.
To sum up, we have demonstrated the existence of a higher order (non-point) symmetry that yields an integral of the motion which is rational in the momenta. The subsequent use of the constraints φ 2 ≈ 0 and φ 3 ≈ 0 is what helps us reduce the latter to an (on mass shell) equivalent linear expression generated by the distorted conformal vector (V.10) that we obtained through our modification. In Table II we collect the resulting expressions.
Generator
Conserved charge in phase space Necessary conditions 
C. Conserved charges and canonical symmetries
In this section we discuss the relation between conformal transformations and conservation laws in the Hamiltonian framework, based on the affine parametrisation. Such an approach has some advantages: we are dealing with the unconstrained Hamiltonian formalism thus we do not need to use the notion of conditional symmetry. (Ordinary canonical transformations are admitted). Moreover, returning to the Lagrangian formalism is straightforward.
We start with the Hamiltonian H a = 1 2 g µν p µ p ν on the phase space (x, p) equipped with the Poisson bracket {x µ , p ν } = δ µ ν . Then given an arbitrary conformal field Y one finds that G Y , defined as
and G Y generate canonical transformations on the phase space. The algebra generated by 
G Y is a non-local expression in general. However in some particular cases, as, for example, for pp-metrics it can be local. In such cases we obtain
where Ω Y = Ω Y (x, p) is a function on the phase space and the "irrelevant terms" are conserved separately (in other words, to make the integral in (V.25) local we can use the equations of the motion, thus both forms of G Y can differ by other integrals of the motion).
This local integral of the motion generates a canonical symmetry transformation,
We conclude that: (i) on the submanifold H a = 0 the algebras generated by G Y 's and G Y 's are isomorphic and they are (anti) isomorphic to the conformal algebra (ii) the canonical transformation on the phase space generated by G Y 's and G Y 's are in general different, even when restricted to the submanifold H = 0; (iii) G Y leaves invariant all submanifolds H a = − m 2 2 while G Y only leaves invariant the submanifold H a = 0 (except when Y is a genuine Killing field).
In view of the above discussion the crucial point is the possibility of localization, cf.
(V.26). The more we know about the solution of the equation of the motion the more likely is that we can resolve the localization problem. When the solutions are known explicitly, the localization problem can be solved immediately ; in such a case all integrals of the motion are explicitly known so our procedure is then not a very useful one.
However, there exists another possibility: due to the special form of the conformal factor only some partial information about the solutions is necessary -and such information may be available, because (for example) of other conservation laws. Then we may construct new conservation laws by combining the conformal transformations with the already known conservations laws. This is what happens for pp-waves. Namely, in this case Ω is simply, However, in the case of general pp-waves the situation is different. It turns out that (see [45] ) apart from some special cases, there is only one Killing vector ∂ v for generic pp-waves (giving only one integral of the motion, p v ). On the other hand, some classes of pp-waves admit three proper conformal fields [22] . Moreover, in sec. IV C we showed that, even for the Minkowski spacetime, there are electrodynamic backgrounds which break the Poincaré 
to which (II.9) associates the seemingly non-local conserved charges
The Y α p α terms can be written out explicitly using (VI.3) and (VI.2). The clue to determine the integral term is the property that each conformal factor depends on one coordinate only.
The integral can therefore be evaluated and yields simple local expressions, 1. For the field Y D in (VI.3a) ω = 1; eliminating N byu = N p v yields 3 ,
2. For an expansion Y K in (VI.3b) we have ω = u, and we may chooseu = N p v ; the integration yields
Similarly for Y C1 in (VI.3c) ω = −v and we may choosev = N p u to get 
Note that the mass appears in f C1 only. When m = 0, the non-Killing Υ vectors do not yield a closed algebra in general : for example,
Moreover, the "mass distorted" Lie derivative formula (V.19) can be confirmed by means of the vector field Y C1 and its distorted conformal factor ω m = −v − m 2 u 2p 2 v . Now, following sec.V C, we rewrite the above charges in the form (V.26) (see also (V.29)).
Then the G's are ordinary integrals of the motion for the relativistic particle in the affine parametrisation. Since such a system is superintegrable the charges G's should be expressible in terms of the basic charges (related to the Poincaré symmetry, see the discussion in sec.
V C). In fact, after straightforward but tedious computations one finds that all conformal generators are rational functions of the 7 independent integrals p µ and the boots M 0a , a = 1, 2, 3; e.g. for the conformal generator K we obtain
All these integrals of the motion generate symmetries which are not point transformations.
Thus on the Lagrangian level the infinitesimal transformations contain velocities; e.g. for the charge (VI.13) the corresponding transformation of the configuration space is
and it leaves the equation x µ = 0 invariant.
B. The conformally flat isotropic oscillator
Choosing H(u, x, y) = x 2 + y 2 (VI. 15) in (III.1) yields a conformally flat (not Einstein-vacuum) metric. In "Bargmann" terms the latter describes a two-dimensional isotropic inverted harmonic oscillator ; an attractive oscillator would be obtained by changing the overall sign of H in (VI.15).
As the properties of this case have been studied by many authors, here we merely list the principal results. The metric admits fifteen conformal Killing vectors : the well-known seven Killing vectors Y J , I = 1, ..., 7 are completed by eight truly conformal (ω J = 0) generators
with conformal factors 
(VI.18d) 
All integrands are total derivatives and therefore all quantities are local.
C. A conformally non-flat vacuum pp wave
Now we turn to an u-dependent vacuum pp-wave metric, (III.1) with
The regularized version of this metric has been considered before [7, 27, 28] ; here we revisit these results using our new framework.
Solving the conformal Killing equations L Y g αβ = 2ωg αβ yields five Killing fields (ω i = 0, i = 1, ..., 5), we list them for completeness,
(VI.20)
The proper conformal fields are the homothety, 
(VI.21a)
The mass-dependent terms can actually be eliminated. To see this we observe that I 6 is a combination of E N , E i (given N =u pv ). In particular,
One can obtain another integral of the motion I 0 which does not depend on the mass by subtracting from I 6 (or from I 7 ) the integrated equation (III.4) forv:
Any linear combination of two integrals of the motion is again an integral of the motion; in particular we find
(VI.24) I 6 does not depend on the mass and it is now -since we eliminated E N -an integral for the E i equations, dĨ 6 dτ = yE y − xE x . Following the same procedure applied to I 7 we end up with an expression which again does not depend on the mass : we get an integral of the motion for the (x, y) equations alone, which is exactly the same as in the massless case. The mass appears in the constraint equation and through it affects only the v variable. Integrals of the motion which do not contain the v variable are independent of the mass.
Finally, let us see what one gets from the modified Noether procedure. The symmetry generators (V.10) are Υ i = Y i , i = 1, ..., 5
(VI.25)
The Killing vector fields Y i , i = 1, ..., 5, yield the Noether symmetries, while the modification provides us with additional mass-dependent "corrections" for the conformal Killing vectors.
Obviously Q i = I i for i = 1, ..., 5 and for the last two Q's (V.9) we obtain Lastly we note that the "distorted" Killing vectors (VI.25) and the associated conserved charges (VI.26) satisfy (V. 19 ) and (V.18), respectively.
VII. CONCLUSION
In this work we investigated the conserved charges associated with conformal Killing fields in curved space-times possibly equipped also with an electromagnetic background preserved by those Killing fields. We put special emphasis on massive particles -those which are mostly considered in the Memory Effect [10] . The associated conserved quantity in (II.3) involves an integral term, eqn. (I.1), which requires integration along the trajectory and could therefore be non-local. It is only for a special parametrisation that this term become local general. However, such conceptual and calculational difficulties are absent in pp-wave space-times : the integral term can be calculated analytically and becomes local in an arbitrary parametrisation, as implied by (V.8).
pp-wave space-times play a role for the Eisenhart-Duval lift [12] [13] [14] 16 ] of 2-dimensional classical dynamics. Analysing the meaning of the charges in this context, we have shown that after expressing them in terms of transversal coordinates, the term with m reduces to a constant. This is consistent with the observation that both massive and massless geodesic motion are lifts of the same underlying classical dynamics.
Moreover, considering conformally related (and consequently physically inequivalent) ppwave metrics, we have shown that the conformal charges for massive geodesics coincide.
Explicit examples allow us to give more clear interpretation of some charges corresponding to proper conformal fields.
Next, we constructed a family of pp-waves (which include the Minkowski space-time) and
an independent family of electromagnetic backgrounds which are preserved by a suitable conformal field. The explicit form of the corresponding charges was given. We gave the example of electromagnetic backgrounds for which the conformal symmetry yields a new integral of the motion.
In the usual approach the Killing vectors can be identified with Noether point symmetries (and consequently give Noether charges which are linear in the momenta); however, for massive particles, the conformal vectors do not define symmetries [37] in general.
In eqn (V.10) of sec.V we introduced "distorted", non-point transformations, which are analogous to dynamical symmetries and related them to local conformal charges. First, we rewrote the local charges in an "almost Noetherian" form (using the parametrisation invariant approach); although the distorted field contains momenta and isn't formally a point symmetry, fixing p v =const. allows us to interpret it as such.
Moreover, in the context of the charges we obtained, we modified appropriately the Noether procedure by fixing the momentum by a supplementary condition); and discussed its geometric meaning.
Next, we analysed the charges as associated with the symmetries of the canonical Hamil- The process that we followed can be extended in other configurations apart from pp-waves.
The results we obtained fit into various recent studies of the relations between conformal symmetries and integrability problems, sheding new light at these issues.
